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Abstract. We construct a conformally invariant vector bundle 
connection such that its equation of parallel transport is a first 
order system that gives a prolongation of the conformal Killing 
equation on differential forms. Parallel sections of this connection 
are related bijectively to solutions of the conformal Killing equa- 
tion. We construct other conformally invariant connections, also 
giving prolongations of the conformal Killing equation, that bijec- 
tively relate solutions of the conformal Killing equation on fc-forms 
to a twisting of the conformal Killing equation on (k — £)-forms 
for various integers i. These tools are used to develop a helic- 
ity raising and lowering construction in the general setting and on 
conformally Einstein manifolds. 



1. Introduction 

On a (pseudo-)Riemannian n-manifold a tangent vector field v is an 
infinitesimal conformal automorphisms if the Lie derivative of the met- 
ric C v g is proportional to the metric g. This is the so-called conformal 
Killing equation and, denoting by a the 1-form g(v, ), the equation may 
be re-expressed as the equation requiring the trace-free symmetric part 
of Vcr to be zero. Here we will use the term conformal Killing equa- 
tion to mean the first order overdetermined partial differential equation 
which generalises this to (conformally weighted) differential forms of 
rank k where 1 < k < n — 1 : a fc-form o is a conformal Killing form if, 
with respect to the 0(g)-decomposition of T*M ® A fc T*M, the Cartan 
part of Vo" is zero. Equivalently for any tangent vector field u we have 

(1) V U (T = e{u)t + i{u)p 

where, on the right-hand side r is a k — 1-form, p is a k + 1-form, and 
e(u) and l(u) indicate, respectively, the exterior multiplication and (its 
formal adjoint) the interior multiplication of g(u, ). An important 
property of the conformal Killing equation Q is that it is conformally 
invariant (where we require the fc-form a to have conformal weight 
fc + 1). 

In the simplest terms the main aims of this paper are: 1. to derive a 
conformally invariant connection which is "equivalent" to the confor- 
mal Killing equation in the sense that its parallel sections are naturally 
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in one-one correspondence with solutions of the of the conformal Killing 
equation (JJJ, 2. to derive a conformally invariant connection V that in 
a similar way relates solutions of the of the conformal Killing equa- 
tion on fc-forms to solutions of the solutions of the of the conformal 
Killing equation on (k — £)-forms (for suitable positive and negative 
integers £) twisted by the connection V, and 3. to apply these ideas to 
a programme of helicity raising and lowering (in the sense of [21] , for 
example in the "helicity raising" direction, given certain assumptions 
of the conformal curvature, pairs of conformal Killing forms may be 
"cupped" together to yield a conformal Killing form of higher rank). 
For the third part here no attempt has been made to be complete. 
Rather our philosophy has been to establish some basic results in this 
direction, which follow easily from the machinery established in parts 
1. and 2., and through this indicate the broad idea and explore some 
applications. 

Conformal Killing 2-forms were introduced by Tachibana in [3 1 J and 
the generalisation to higher valence followed shortly after [20]. Co- 
closed conformal Killing forms are Killing forms (or sometime called 
Killing- Yano forms). The latter satisfy the equation which generalises 
the Killing equation on vector fields, that is ((H) with r identically 0. 
This equation has been studied intensively in the Physics literature in 
connection with its role generating quadratic first integrals of the ge- 
odesic equation. Aside from this connection, and a role in the higher 
symmetries of other equations |2], the broader geometric meaning of 
higher rank conformal Killing forms is still somewhat mysterious. The 
linear operator giving the conformal Killing equation is a Stein- Weiss 
gradient and elliptic in the Riemannian setting [3]. The issue of global 
existence of conformal Killing forms in the compact Riemannian set- 
ting has been pursued recently by Semmelmann and others, see |2(i|l2Tj 
for an indication of results and further references. Our treatment here 
is primarily in arbitrary signature and concerned with local issues. In 
particular we seek to draw out the additional information arising from 
the conformal invariance of the equation. This should have important 
consequences for the general theory including global existence. 

It is often the case that an overdetermined linear partial differen- 
tial equation is equivalent to a first order prolonged system that may 
be interpreted as a vector bundle connection and its equation of par- 
allel transport. More generally a semilinear partial differential equa- 
tion is said to be of finite type if there is a suitably equivalent finite 
dimensional prolonged system that is "closed" in the sense that all 
first partial derivatives of the dependent variables are determined by 
algebraic formulae in terms of these same variables. There is a crite- 
ria due to Spencer j2H| to determine when a semilinear equation has 
this property. However for any given equation one generally wants 
considerably more information. For the case of the conformal Killing 
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equation Semmelmann explicitly constructs a prolongation and con- 
nection along these lines and so establishes sharp bounds on the 
dimension of spaces of conformal Killing forms. This idea was gener- 
alised in j3| where ideas from Kostant's Hodge theory are used to give 
a uniform algorithm for explicitly computing such prolongations for a 
wide class of geometric semilinear overdetermined partial differential 
equations. This class includes the conformal Killing equation as one 
of the simplest cases. However neither of these treatments addresses 
the conformal invariance of conformal Killing equation. For the case of 
conformal Killing equations on vector fields an equivalent conformally 
invariant connection was given in J7|. (See also [H] which generalises 
this by giving an invariant connection corresponding to the equation 
of infinitesimal automorphisms for all parabolic geometries.) Ab ini- 
tio, given a conformally invariant equation one does not know whether 
there is a conformally invariant prolonged system along these lines. We 
show that for the conformal Killing equation there is, see Theorem 13. 91 
In fact this theorem gives much more, it gives a connection equivalent 
(in the sense of the theorem) to the conformal Killing equation and 
this conformally invariant connection is described explicitly in terms of 
the normal tractor connection of PjJ QU] • The power of this is that the 
normal tractor connection (here on a bundle of rank (n + l)(n + 2)/2) 
is an exterior tensor product of the (normal) connection on standard 
tractors, and the latter is a simple well-understood connection on a 
bundle of relatively low rank (viz. n + 2) and which respects a bundle 
metric. By describing things in terms of form-tractors in this way we 
also capture succinctly what conformal invariance means for the com- 
ponents of the prolongation. (The form form-tractor bundles and their 
normal connection are treated explicitly in j^J.) 

An application of Theorem 13 . 91 ft hat we sketch here but shall not pur- 
sue explicitly in this work) is that it provides a way to construct natural 
conformal invariants (conformal invariants that may be expressed by 
universal formulae involving complete or partial contractions of the Rie- 
mannian curvature and its covariant derivatives) which locally obstruct 
the existence of conformal Killing forms. Since such forms correspond 
to a holonomy reduction of the connection obtained in the Theorem, it 
is clear that its curvature will in general obstruct such forms. By anal- 
ogy with the treatment of obstructions to conformally Einstein metrics 
in Section 3.3 of an appropriately defined "determinant" of this 
curvature must vanish in order for the conformal Killing equation to 
have a solution. From this it is straightforward to extract the required 
natural invariants. 

We may view a connection as a twisting (or coupling) of the exterior 
derivative on functions. The latter is of course conformally invariant. 
Thus Theorem 13.91 relates solutions of the conformal Killing equation 
to a conformal twisting of the exterior derivative. A generalisation of 



4 



Gover & Silhan 



this idea (which to our knowledge has not been explored previously) 
is, given two suitable distinct conformally invariant equations A = 
and B = 0, to consider obtaining a conformally connection V so that 
solutions of the equation A are bijectively related (by a prolongation) 
to solutions of the twisting by V of the equation B i.e. B v = 0. (Of 
course there are variants of this where we replace conformal invariance 
by any other notion of invariance. We should also point out that this 
idea is related to, and in special cases agrees with, the "translation 
principle" touched on in section 8 of (Zj.) In Section 0] we obtain re- 
sults exactly of this type, with the conformal Killing equation on forms 
of different ranks playing the roles of both A and B, see Theorem 14 A\ 
and also Proposition 14. HI which deals case that U B" is the conformal 
Killing equation on tangent vectors. The remarkable feature of these 
results is the very simple form of the twisting connection - it differs 
from the normal tractor connection by a simple curvature action as in 
expressions (J55)l and (J3HJ). These results and their simplicity are ex- 
ploited in Section El where we describe explicit conformally invariant 
helicity raising and lowering formulae and their obstructions to being 
a solution of the conformal Killing equation. See in particular: The- 
orem 15.11 which uses (almost) Einstein metrics and conformal Killing 
fields to generate conformal Killing fields; Theorem 15.41 where confor- 
mal Killing forms are used to generate other conformal Killing forms; 
and Theorem 15.41 where they are used to generate conformal Killing 
tensors, i.e. symmetric trace-free tensors S such that the symmetric 
trace-free part of VS* vanishes. This idea of combining solutions to 
yield solutions of other equations is along the lines of helicity raising 
and lowering by Penrose's twistors in dimension 4. See also |Zj where 
a helicity raising and lowering machinery is developed, in very general 
terms, via tractor-twisted differential forms and the twisted exterior 
derivative. 

To construct the required prolongations we develop and employ an 
efficient calculus that enables us to efficiently deal with differential 
forms and form-tractors and some related bundles of arbitrary rank. 
Some of the ideas for this originate in [6 but many new techniques 
and tools have been developed in [2H] and the reader can find greater 
on this (and many aspects of this article) in that source. Very crudely 
the idea is that as a first step in constructing the new connections 
we may take the normal tractor connection (or its coupling with the 
Lev-Civita connection) to be a "first approximation" to the required 
new connection. By elementary representation theory it in fact must 
agree with the required connections in the conformally flat setting. 
Then, employing the form calculus mentioned, we compute explicitly 
the tractor "contorsion" needed to adjust the normal connection. East- 
wood's curved translation principle (see e.g [T2j ) is a technique for gen- 
erating conformally invariant equations from other such equations via 
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differential splitting operators between tractor bundles and (weighted) 
tensor-spinor bundles. The constructions and ideas in sections |U and El 
are partly inspired by this technique and involve the refinement where 
one seeks to "translate solutions" of equations rather just the equa- 
tions themselves, this necessarily draws on solutions of other equations 
and their equivalence to parallel (or suitably almost parallel) sections 
of tractor bundles, thus a form of helicity raising-lowering. 

We would like to thank Mike Eastwood and Andi Cap for discus- 
sions concerning their views on the prolongation treatment of confor- 
mal Killing vectors and related issues. 

2. Conformal geometry, tractor calculus and conformal 

Killing equation 

2.1. Conformal geometry and tractor calculus. We summarise 
here some relevant notation and background for conformal structures. 
Further details may be found in [TT| ITH] . Let M be a smooth manifold 
of dimension n > 3. Recall that a conformal structure of signature 
(p, q) on M is a smooth ray subbundle Q C S 2 T*M whose fibre over 
x consists of conformally related signature- (p, q) metrics at the point 
x. Sections of Q are metrics g on M. So we may equivalently view the 
conformal structure as the equivalence class [g] of these conformally 
related metrics. The principal bundle 7r : Q — > M has structure group 
R+, and so each representation M + 3 x i— > x~ w ^ 2 E End(R) induces 
a natural line bundle on (M, [g]) that we term the conformal density 
bundle E[w}. We shall write S[w] for the space of sections of this 
bundle. We write S a for the space of sections of the tangent bundle 
TM and S a for the space of sections of T*M. The indices here are 
abstract in the sense of [23J and we follow the usual conventions from 
that source. So for example £ a b is the space of sections of ® 2 T*M. Here 
and throughout, sections, tensors, and functions are always smooth. 
When no confusion is likely to arise, we will use the same notation for 
a bundle and its section space. 

We write g for the conformal metric, that is the tautological section 
of S 2 T*M (g) E[2] determined by the conformal structure. This will 
be used to identify TM with T*M[2]. For many calculations we will 
use abstract indices in an obvious way. Given a choice of metric g 
from the conformal class, we write V for the corresponding Levi-Civita 
connection. With these conventions the Laplacian A is given by A = 
g ab V aSb = V 6 V& . Here we are raising indices and contracting using 
the (inverse) conformal metric. Indices will be raised and lowered in 
this way without further comment. Note E[w] is trivialised by a choice 
of metric g from the conformal class, and we write V for the connection 
corresponding to this trivialisation. It follows immediately that (the 
coupled) V a preserves the conformal metric. 



(> 



Gover & Silhan 



Since the Levi-Civita connection is torsion-free, its curvature R a b c d 
(the Riemannian curvature) is given by [V , V ]v c = R a b c dV d ([•,•] in- 
dicates the commutator bracket). The Riemannian curvature can be 
decomposed into the totally trace-free Weyl curvature C a bcd and a re- 
maining part described by the symmetric Schouten tensor P a b, accord- 
ing to 

(2) Rabcd = C a bcd + 2g c [aPb]d + ^9d[bPa]c, 

where [• • • ] indicates antisymmetrisation over the enclosed indices. The 
Schouten tensor is a trace modification of the Ricci tensor Ric a b = R ca c b 
and vice versa: Ric a b — (n — 2)P ab + Jg ab , where we write J for the 
trace P a a of P. The Cotton tensor is defined by 

A a bc '■= 2V[&P c ]a- 

Via the Bianchi identity this is related to the divergence of the Weyl 
tensor as follows: 

(3) (n - 3)A abc = V d C dabc . 

Under a conformal transformation we replace a choice of metric g by 
the metric g = e g, where T is a smooth function. We recall that, in 
particular, the Weyl curvature is conformally invariant C a b cd = C a bcd- 
(Note there that as a type (0, 4)-tensor-density the Weyl curvature is 
a density- valued tensor of conformal weight 2.) On the other hand the 
Schouten tensor transforms according to 

(4) P ab = Pab - V a T b + T a T fe - ^T c T c g ab 

where T a = V a T. 

Explicit formulae for the corresponding transformation of the Levi- 
Civita connection and its curvatures are given in e.g. [IB]. From 
these, one can easily compute the transformation for a general valence 
(i.e. rank) s section fb c -d £ £fcc-- dM using the Leibniz rule: 

^ Vafbc-d =V a fbc-d + ( w ~ s )^a,fbc-d ~ ^bfac-d ^ dfbc-a 

+ T p f pc ... d g b - a --- + T p f bc ... p g da . 
We next define the standard tractor bundle over (M, [g]). It is a 



vector bundle of rank n + 2 defined, for each g e [g], by [£ 
£[1] © £ a [l] © £[-!]■ If g = e 2T g, we identify (a,/i a ,r) e [£ A ] g with 
(a, 12a, t) G [£ A ]g by the transformation 




(6) 

It is straightforward to verify that these identifications are consistent 
upon changing to a third metric from the conformal class, and so taking 
the quotient by this equivalence relation defines the standard tractor 
bundle £ A over the conformal manifold. (Alternatively the standard 
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tractor bundle may be constructed as a canonical quotient of a certain 
2-jet bundle or as an associated bundle to the normal conformal Cartan 
bundle j^j.) On a conformal structure of signature (p,q), the bundle 
£ A admits an invariant metric Hab of signature (p + 1, q + 1) and an 
invariant connection, which we shall also denote by V a , preserving 
tiAB- Up up to isomorphism this the unique normal conformal tractor 
connection ^H] and it induces a normal connection on &)£ A that we 
will also denoted by V a and term the (normal) tractor connection. In 
a conformal scale g, the metric h A B and V a on £ A are given by 

/0 1\ fa\ / V a a-/i a \ 

(7) h AB = gr ab and V a Lu b = V a /J, b + g ab r + P ab a . 

\l 0/ \r/ \ V a r-P ab/ u b / 

It is readily verified that both of these are conformally well-defined, i.e., 
independent of the choice of a metric g 6 [g>] . Note that /i^s defines a 
section of £ab = £a <E> ^b, where £a is the dual bundle of £ A . Hence 
we may use h A B and its inverse h AB to raise or lower indices of £ A , £ A 
and their tensor products. 

In computations, it is often useful to introduce the 'projectors' from 
£ A to the components £[1], B a [l] and ^[—1] which are determined by 
a choice of scale. They are respectively denoted by Xa G ^[1], Zao, G 
£a<i[1] an d Ya G £a[— 1], where 5^ a [w] = 5^(8)^® etc. Using the 
metrics hAB and gi ab to raise indices, we define X A , Z Aa , Y A . Then we 
immediately see that 

YaX = 1, Z A bZ A c = g bc , 

and that all other quadratic combinations that contract the tractor 
index vanish. In (JHJ) note that a = a and hence X A is conformally 
invariant. 

Given a choice of conformal scale, the tractor-D operator 
D A : £b-e[w] -> £ab—e\w ~ 1] 

is defined by 

(8) D A V := (n + 2w- 2)wY A V + (n + 2w - 2)Z Aa V a V - X A DV, 

where UV := AV + wJV. This also turns out to be conformally 
invariant as can be checked directly using the formulae above (or al- 
ternatively there are conformally invariant constructions of D, see e.g. 

S3)- 

The curvature Q of the tractor connection is defined by 

\y a ,v b ]v c = n ab c E v E 

for V c E £ c . Using (J2J) and the formulae for the Riemannian curvature 
yields 

(9) QabCE = Z c c Z E e C abce — 2X\qZ E f A eab 
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2.2. Forms and tensors. The basic tractor tools for dealing with 
weighted differential forms are developed in |B] and following that 
source we write £ k [w] for the space of sections of (A k T*M) ® E[w] (and 
gk _ However in order to be explicit and efficient in calcula- 

tions involving bundles of possibly high rank it is necessary to introduce 
some further abstract index notation. In the usual abstract index con- 
ventions one would write £r a &... c i (where there are implicitly /c-indices 
skewed over) for the space 8 k . To simplify subsequent expressions we 
use the following conventions. Firstly indices labelled with sequential 
superscripts which are at the same level (i.e. all contravariant or all 
covariant) will indicate a completely skew set of indices. Formally we 
set a 1 ■ ■ ■ a k = [a 1 ■ ■ ■ a k ] and so, for example, S a i... a k is an alternative 
notation for S k while 8 a \... a k-\ and 8 a 2... a k both denote 8 k ~ x . Next we 
abbreviate this notation via multi-indices: We will use the forms indices 



a fc 


:=a l - 


■a k = 


[a 1 - 


■a% 


k>0 


a fc 


:=a 2 - 


■a k = 


[a 2 - 


■a% 


k > 1 


a fc 


:=a 3 - 


■a k = 


[a 3 - 


■a k ], 


k>2 


a fc 


:=a 4 - 


■a k = 


[a 4 - 


■a% 


k>3 



If, for example, k — 1 then a fc simply means the index is absent, whereas 
if k = 1 then a means the term containing the index a is absent. 
For example, a 3-form (p can have the following possible equivalent 
structures of indices: 



We will also use g a k h k (and similarly g^k) for g a i b i ■ ■ -g a k b k (where 
all a-indices and all 6-indices are skewed over) and g denotes the con- 
formal metric. 

The corresponding notations will be used for tractor indices so e.g. 
the bundle of tractor /c-forms E^-Ak] will be denoted by £41...^ or 
S A k. 

We shall demonstrate the notation by giving the conformal transfor- 
mation formulae of the Levi-Civita connection acting on conformally 
weighted forms. Under a rescaling g f— > g = e 2T g of the metric, and 
writing T a := V a T, from (jHJ) we have 

V a o/ a & = V a of a k + wT a of a k 

V al f a k = V al f ak + (n + w- 2k)T al f a k, 
for f a k G £ a fe[iy]. 

We will need similar results for spaces with more complicated sym- 
metries. We shall define S(l,k) for k > 1 and 8(2, k) for k > 2 as 
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follows: 

£(1, k) := {f ca k G S ca k | / [ca fc] = 0} C £ ca fe 

£(2, k) := {f c 2 a k G £ c 2 a fc | /[ c 2 a fe] = / c l[ c 2 a fc] = f[ c 2 a k-l] a k = 0} C £ c 2 a fc. 

In other words, the subspaces 8(1, k) and 8(2, k) are defined by the 
condition that any skew symmetrisation of more than k indices van- 
ishes. The subspaces of completely trace-free tensors in 8(1, k) and 
8(2, k) will be denoted respectively by 8(1, k) and 8(2, k) . Tensor 
products with density bundles will be denoted in an obvious way. For 
example 8(l,k) [w] is a shorthand for £(1, k) <g> 8[w). 
We will later need the following identities 

(H) f^pak ~J^fpa k and fa^qp&k ~j^fpqa k 

for f ca k G 8(1, k)[w] and f c 2 a k G 8(2,k)[w]. This follows from the 
skewing [pa k ] which vanishes in both cases. Using the second of these 
we recover, for example, the well known identities 

E> b d t> bd OT1 J /~i b d r* bd 

n [a c] — 2 ac [a c] — 2 ac ■ 

Via pijl . (JHJ) and a short computation we obtain the transformations 

V a o/ ca fc = V a o/ ca fe + (W - l)T a o/ ca fe + g ca oT P f pa k 

(12) V c /ca* = V c /ca* + (n + w - k - 1)T C f ca k 
V cl ~f c 2 a k = V cl f c2a k + ( n + w-k- 3)T c 7 c2afc 

for f ca k G £(l,/c)oH and f c 2 a k G £(2, fc) M. 

2.3. Tractor forms. It follows from the semidirect composition series 
of 8a that the corresponding decomposition of 8 A k is 

(13) 8 [A i... A k } = 8 A k ~ £ fe - 1 [A;] Q- (£ fe [A;] © £ fc ~ 2 [A: - 2]) ^8 k ~ l [k - 2]. 

Given a choice of metric g from the conformal class this determines a 
splitting of this space into four components (a replacement of the 6~s 
with ©s is effected) and the projectors (or splitting operators) X, Y, Z 
for 8a determine corresponding projectors X, Y, Z, W for 8 A k+i, k > 1 
as follows. 



V fc V a 1 — a* v &k V 7 ak a P ak \ h 1 1 

H _ ^A 1 -/^ _ a .40A fe A A 1 ' ' ' A k ^ C A k +n K L \ 

Z k = TLfzik = ^tk = Z£ ■ ■ ■ Zf k G 8f k [-k] 

w fe = w A , A0 £:::£ = w A , A0 £ = x [A> y ao z£ • • • zf k] e efu-k] 

Xk Y a 1 — a* V" a k y 7 a 1 ya k c ca k \ 1, j_ il 

_ A°A 1 —A k ~ A A°A fc ~ ^AO^A 1 A h fc ^ A fc +H _/C + L \ 

where k > 0. The superscript &; in Y fc , Z fc , W fc and X fc shows always 
the corresponding tensor valence. (This is slightly different than in [H], 
where k concerns the tractor valence.) Note that Y = Y°, Z = Z 1 
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and X = X° and W° = X[ A >Y A oy Using these projectors a section 
/a*h-i £ ^Afc+i can be written as a 4-tuple 



A fc+i 



/J, a o a k if k k 

p a k 



Y 



A°A k cr a*+^A°A fe ^aoa' ! " 



^A A fe V^a* A* Pa k 



for forms cr, /i, <p, p of weight and valence according to the relationship 
given in (fT3j) . 

The conformal transformation © yields the transformation formulae 
for the projectors: 



(14) 



v a 



^ a a k 
A°A k 



J a k 
A A k 



=Y 



A°A k 
1, 



Tn/ a° a fc 
a ^oa*: 



fcT al W A ol1 



2 1 1 fc A A°A fc 
„k 



k + A;T p T al X 



Or a 

=^ A o A fc 



+ (Jfc + l)T a X 



k 

A A k 



^ A°A k ~ ^ni^ 



a 

A°A fc 



pa 
A o A k 



X 



A A fc 



-X a 

~ A°A k 



for metrics g and g from the conformal class. The normal tractor 
connection on (k + 1) -form-tractors is 



(15) V p p a o a k (f a k 

\ Pa k 

or equivalently 



/ VpCr a fc — (k + l)p 



pa" 



9pa^a k \ 

+kP£ 1 a &k -k8% 1 PsLk 
V V pPa* ~(k+ l)P p a °P a o ak + P pa i<p k k ) 



V p Y A o A fc 



V„Z 



o a 
pZ^ A o Afc 



VpX^QAfe 



P 7/ a a _|_ h P a 



J A o A k 



-{k + l)<Y A0Afc - (k + l)P/°X A oS 



pa 1 11 A A fc 



p , y alafc 

- r pa 1 A A°A fc 



#pa° %A°A k ~ k K W A«A^ 



2.4. The conformal Killing equation on forms. The space £ ca k = 
£ c ® £ a i... a k is completely reducible for 1 < k < n and we have the 
0(g)-decomposition £ ca k [w] = £\ca k ] M ©£{ca fc } M ®£ a k ~ 1 [ w ~ 2] where 
the bundle £{ ca fc} [/u;] consists of rank k + 1 trace-free tensors T ca k (of 
conformal weight w) that are skew on the indices a 1 • • -a k and have 
the property that X[ ca i... a k] = 0. (Note that the three spaces on the 
right-hand side are SO (g)-irreducible if k ^ {n/2,n/2 ± 1}). On the 
space £ ca fc[w;] there is a projection V{ ca ky to the component £{ ca fc} [u>] 
and we will use the notation 



{ca*}o 
ca k '-'ca fe 



or 



'~^ca k {ca k }o^ca k 
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to mean that V{ ca k} (T) = V{ ca ky (S). We will also use the projection 
V {cak} to £(l,k)[w] =: S {cak} [w}. 

Each metric from the conformal class determines a corresponding 
Levi-Civita connection V and for 1 < k < n — 1 and cr a k G £ k [k + 1], 
we may form V c a a fc. This is not conformally invariant. However it is 
straightforward to verify that its projection V{ ca ky (Va) is conformally 
invariant. That is, this is independent of the choice of metric (and 
corresponding Levi-Civita connection) from the conformal class. Thus 
the equation 

(CKE) V {c a afc}o =0, 1 < k < n - 1 

called the (form) conformal Killing equation, is conformally invariant. 
This is exactly the equation (0) from the introduction. 

Suppose V is a connection on another vector bundle (or space of 
sections thereof) £,. For this connection coupled with the Levi-Civita 
connection let us also write V. Since it is a first order equation (jCKE)) 
is strongly invariant (cf. ^S1E|) in the sense that if now a a k G £ a k 9 [k + 
1] = £ a k[k + 1] <8> £• then V{ c <r a fe} = is also conformally invariant. 
We will also call any such equation a conformal Killing equation (or 
sometimes for emphasis a coupled conformal Killing equation). 

On oriented conformal manifolds the conformal Hodge-* operator 
(see e.g. fO]) gives a mapping 

* : £ k [w] -> £ n ~ k [n -2k + w] k G {0, 1, • • • , n} . 

In particular we have 

*:£ k [k + l] -> £ n - k [n- jfc + l], 

and from elementary classical SO(n)-representation theory it follows 
easily that a G £ k [k + 1] solves (jCKEj) for A;-forms if and only if -ka 
solves the version of (jCKEj) for (n — fc)-forms. Thus on oriented mani- 
folds it is only strictly necessary to study this equation for (weighted) 
fc-forms with k < n/2. Also it follows that on even dimensional ori- 
ented manifolds a form in £ n ^ 2 [n/2 + 1] is a solution of (jCKEj) if and 
only if its self-dual and anti-self dual parts are separately solutions. 
Nevertheless, since the redundancy does us no harm, we shall ignore 
these observations and in the following simply treat the equation on 
k- forms for 1 < k < n — 1. 

3. Invariant prolongation for conformal Killing forms 

Throughout this section, and in much of the subsequent work, we 
will write f a (rather than f a k) to denote a section in £ a k[k + 1]. That 
is, the superscript of the form index a will be omitted but can be taken 
to be k (or otherwise if clear from the context). 

Before we start with the construction of the prolongation, we will 
introduce some notation for certain algebraic actions of the curvature 
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on tensors. Let us write Jj (which we will term hash) for the natural ac- 
tion of sections A of End (TM) on tensors. For example, on a covariant 
2-tensor T ab , we have 

A$T ab = -A c a T cb - A c b T ac . 

If A is skew for a metric g, then at each point, A is so(g)-valued. The 
hash action thus commutes with the raising and lowering of indices 
and preserves the SO (^-decomposition of tensors. For example the 
Riemann tensor may be viewed as an End(TM)-valued 2-form R ab and 
in this notation we have 

{V a ,V b ]T = R ab %T , 

for an arbitrary tensor T. Similarly we have C ab $T for the Weyl curva- 
ture. As a section of the tensor square of the g-skew bundle endomor- 
phisms of TM, the Weyl curvature also has a double hash action that 
we denote CJjJjT. 

We need some more involved actions of the Weyl tensor on £ a fc[w] 
for k > 2. These are given by 

(C+fU :=-^ (C ca2 ™f pq , + C a3a rf pq , k .) e £ Ak [w - 2} 

(C0/)ca :=C c l c 2 a l P / p a + C a i a 2 c l P / pc 2a + ^—j^g c i a l(C+f) c 2 k 

e S c 2 a k[w] 

where c = c 2 and / a G £ a fc[i<;]. Note that C()f vanishes for k = n — 1 
since 8(2, n — 1) is trivial. For the sake of complete clarity we have 
given these explicit formulae but note that, up to a multiple, the first of 
these is simply C%f G S c 2 a k followed by projection to £(1, k— l)[w — 2] 
(the projection involves a trace), while the second is CJ}/ followed by 
projection to £(2,k)o[w]. This is clear except for the final projection 
in each case which we now verify. 

3.1. Lemma. Let us suppose k > 2. Then 

(i) (C*fU = C {ca /7 Na} G £(1, k - l) [w - 2} 

(ii) (CO/)cae£(2,fc)oM 

Proof, (i) It follows from (fT6|) and the Bianchi identity that (C4/) ca is 
trace-free. Moreover 

where the first equality is just the definition of the projection {..} and 
the second follows from re-expressing of the skew symmetrisation [ca] 
in the last display. 

(ii) According to the definition of £(2, k) , we are required to show 
that (C0/) c i[ c 2 a ] = (C0/)[ca]afe+i = (note (C0/)[ca] = is obvious 
from (jlfij) ) and also that C()f is trace-free. Both skew symmetrisation's 
[c 2 a] and [ca] kill the last term of C()f in ffT^j) . because (C#/)[ ca ] = 
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according to the Lemma (i). Applying the symmetrisation [c 2 a] to the 
first two terms in and using the Bianchi identity yields 

^c 1 [c 2 </ /|p|a] + ^[a s -a?\c 1 h\c 2 B\-> 



where the indices c 1 c 2 are not skewed over. This is zero because 
C c ir c 2 a i? = — \C c2alcl p . The second skew symmetrisation [ca] is sim- 
ilar. 

It remains to prove g c a (C0/) C a — 0. Tracing the last term in (|16|) 
yields 



n-k* * caK J/ca 2 
after a short computation. Further computations reveal 

h — 1 

cW^-y pr _ __ _r* pi f 

y ^c 1 ^^ J pa — 2k c2a ' 2 vqk 

and 

U o i 

cW/O pr - _C m f I n PI f 

" a 1 a 2 c 1 J pc 2 a 2k a 3 a 2 Jpqc 2 'a ' 2^ c 2 a 2 Jpijii- 

Summing the last three displays, the Lemma part (ii) follows from (jlfij) 
forC4/. □ 



Introducing new variables, the equation (jCKE|) may be re-expressed 
in the form 

V c d a = flca + Qca^a > 

where fi a o a e £ a o a fc [k + l] and z/ a e £ a fc [h — !]■ These capture some of the 
1-jet information: we have /i a o a = V a o<j a , and z/ a = w _^ +1 V p cr pa . We 
need a further set of variables to complete (jCKEj) to a first order closed 
system. There is some choice here, but, for the purposes of studying 
conformal invariance, it turns out that p a := — ^V a iz/ a + ^V p V{ p (T a } — 
P a \cr k is a judicious choice. We then have the following result. 

3.2. Proposition. Solutions of the conformal Killing equation hCJKEty . 
for 1 < k < n — 1, are in 1-1 correspondence with solutions of the 
following system on cr a G £ a k [k + l], /i a °a £ £ a °a k [Hi], £& k [h — 1] 
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and p a G S a k[k — 1]: 



V c /i a o a = (& + !) 



1 



Sea" Pa _ -PcaOCTa ~ <7 pa 



2 a u a 



ng) zyn — K) 

1 P P 

V c p a = Pco 1 ^ _ P c P A i pa + a 1 a 2(7 P cA ~ ^ col^pa 

+ ^ c %a " V al (C>a) ca for fc > 2; 

V c p a i = P ca iz/ - P c p p pa i + v4 a i pc cr p for fc = 1. 

T/ie mapping from solutions a a of to solutions (cr a , p a o a , z/ a , p. 

o/ £/ie system above is 



Bl) 



( k 

0"a ^ (CTa, V a oCT a , r— V P ff p a, 

(19) 71-/C + 1 

Proof. As mentioned above the first equation V c a a = p ca + dca 1 ^ is 
simply a restatement of the conformal Killing equation (jCKEj) afforded 
by introducing the new variables p a o a G £[ a o a ] [k + 1] and z/ a G £ a [A; — 1]. 
(At this point and until further notice below we take the rank of a to 
be in the range 1 < k < n — 1.) 

This equation also gives p a o a and z/ a in terms of derivatives of a a . 
Thus the Proposition is clear except that we should verify that if cr a 
solves (JCKE)) then we have the second, third and fourth equations of 

To establish the second equation, let us observe (k + 2)V[ c V a oa a ] = 
V c V a o<r a — (k + l)V iV[ a o <7 ca ], and that the left-hand-side vanishes due 
to the Bianchi identity. The first term on the right hand side is just 
V c p a o a thus 



V c p a o a = (k+ 1) V a ip a o ca = {k + l)V a i (V a oa ca - g a o [c ^]} 

(k + 1) ( 2 R a^c P(T pi ~ \9ca^a^e 



where the second equality follows from the first equation in (|18|) and 
the third equality from the Bianchi identity. Now the equation for 
V c p a o a in (fT%|) follows from the last display using (J2J) and the relation 
p a = — ^V a i^ a — Pa lP cr p a5 which we have for solutions. 

The second equation in (fTSjl concerns V c ^ a = w _^ +1 V e V p cr p a- Com- 
muting the covariant derivatives we get V C V P = R c p § + V P V C where, 
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recall, (j captures the action of the Riemann curvature tensor R. There- 
fore 

^ k +l)V c u a = k [R c p p «a qa + (k- l)R c p Ja pqa + V p (p cpa + g c[p u a] )] 
= k [- Ric/ a pa + - lR/V pf/a - V^ pC a + ~V C ^] 

where we have used V p z/ pa = w _^ +1 V p V g cr gP a = 0. Note that the last 
term here is a multiple of the left-hand-side. We consider the other 
terms on the right-hand-side. Recall that (J2J gives Ric a & = (n — 2)P ab + 
Jg ab . Using (J2J also for the second term on the right-hand-side, and 
the equation for V c /i a o a in (fT8|) for the third, a computation yields 

- Ric/ a pa = -(n - 2)P C V pa - J<x ca 

1(* - l)i? c /V wa = i(Jfc - l)C ca /\ q , + 2(k - l)5\ c P a «a pqa 
= \{k - l)C ca2 p \ q , — (k-1) (P/a pca - P c V pa ) 

- V p /i pca = -(n - k)p ca + Ja ca - kP [c p a m - -(k - l)C [a2c qp a lpq]a] . 

Hence the last but one display says that !i ^V c t / a is equal to the sum 
of the right hand sides of the last display. Now using the relation 

- kP [c P(T \p\ a ] = - p c V ° P h + (k- l)^yV pC a and we obtain immedi- 
ately the third equation in (fT%|) . 

The last equation requires more computation. Let us first make an 
observation about its skew-symmetric part V[ c p a j. Using the definition 
of p and the Bianchi identity, we have V[ c p a ] = — ^ [ c P a i P(J \ p \a]- Using 
the Leibniz rule and the first equation in (|T8|) for the right hand side, 
we obtain 

( 2 °) V [ C Pa] = -^A p [cal a lp]k] - P [c %| a] , 

since the term P a i P 9 c [ p v a -^ vanishes after the skew symmetrisation [ca]. 
Now to compute the full section V c p a , we shall start with the equation 
for V c f a from p8j) . We apply V a i to both sides of this equation and 
skew over all a-indices. Commuting the covariant derivatives on the 
left-hand-side, we obtain V a iV c = V c V a i + R a ^ c %- The first term on 
the right hand side is — /cV a ip ca — (k+ l)V[ c p a ] — V c p a . Through these 
observations, and using (|2Uj) . we obtain 

V c V a iz/ a + (k — l)R alca2 \ a = -(k + 1) (^ p [cal a |p|a] + P [e Viph) 



-V cPa - kV al P/a pa + Jf—J-V^Cta) 



'2 

k(k-l) 
2(n - k) 
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Many terms can be simplified and we shall start with the the first term 
on the left-hand-side. We have 

V c V al z/ a = -k(V cPa + V c P/<7 |p| .) 

which follows from the equation for V c ^ a in (|18)1. Combining the last 
two displays we obtain 

-(* - l)V cPa = 2fcV [e P al] % - (* + l)(^ p [cal%|a] + P [c p » lpla] ) 
--(k -l)R 12 V a + fc f fc "^ VaiCCfo-)^. 

2 ^ ' aWc pa 2(n- Jfe) 

where we have also used i? , 2 P = hR 1 2 p - Note that for the case 
of (the rank of a being) k — 1 both sides of the equality above vanish 
and we get no information. Now we simplify terms on the right hand 
side: the first term using the Leibniz rule and the equation for V c cx a , 
the next two terms re-expressing the skew symmetrisation [ca] and the 
first curvature term using the decomposition (J2J). This yields 

2W [c P Ql] V pa = kA p cal a pa + 2kP { / Mpk + 2kP { Jg c]{p v a] 
~ 2^+l)^W%|a] = -A p cal cr pk + ±(k-l)A p a2al a pca 

~ ( fc + 1 ) P [ c P /^|p|a] = ~ P c P /V + kP J^pcA 

Substituting these in the previous display, the Proposition for k > 2 fol- 
lows. The case k — 1 can be checked directly by tracing ii? c o c ijj/z a o a i = 
V c oV c i/i a o a i = V c o [2<7 c i a0 p a i - 2P c i a oa a i - C a0alcl p a p ] . □ 

Remark: There is a variant of the derivation for the k > 2 cases, as in 
the proof above, which generalises the treatment of k = 1 that we give 
there. However this breaks down for k = n — 1. Dually the proof we 
give for k > 2 breaks down at k = 1. Our proof of the = 1 agrees with 
a treatment of that case distributed privately by Mike Eastwood during 
the preparation of and his notation and conventions influenced our 
treatment. Earlier alternative treatments of that case have been known 
to the first author for some time (see [T7j). 

3.3. Lemma. Let us fix k > 2. If a a £ S a k[k + 1] is a solution of 
FJKE) then (C0<x)ca = 0. 

Proof. We shall prove the lemma using the prolongation (|18)1. Applying 
V c i to both sides of the equation for V c 2<7 a , we obtain 

V c i V c 2<T a = V c i/i c 2 a + g c 2 a iV c iu k . 
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The left-hand side is equal to 
k k 

according to (|2*j). On the other hand, from (fTSj) the right-hand side is 
equal to 

(~kg clal p c 2 k + kP c x a x<j c i k - ^(2C cW p (T pk — (k— l)C a2al fa pc2 ^j 

Now equating these two displays and using C c2a i c i P = ~\C c \ c 2 a \ we 
obtain an identity which holds for solutions. Comparing the expression 
with the definition of {C()a) in ([THjl . we see the identity is 

(k — l)(C()a) = 0. □ 

Note that a curvature condition, equivalent to that in Lemma 13.31 
is in [20J. There the identity for solutions is stated in terms of the 
Riemann tensor R, rather than in terms of the Weyl tensor C. In this 
form it has also been derived in [23] (although we could not find the 
necessary restriction k > 2 in that source). Expressing the identity via 
the Weyl curvature, as we do, emphasises that this is a conformally 
invariant condition. 

Next we observe that (fTT?|) defines a conformally invariant differential 
splitting operator. We define a differential operator D on S a k [k + 1] by 



(21) a a h-> o~a°a := Y A ola a + ^^j-Z^l^o. + W A()Al *z/ a - X A olp a , 

where <r a , /i a o a , v k and p a are given by (fTDJ) . Then we have the following. 

3.4. Lemma. D is a conformally invariant operator 

D : S a k [A; + 1] — > S A o A k for 1 < k < n - 1. 

Proof. Consider D for o G £ a fc[7c + 1]. Let /i, ^ and p be given in terms 
of a as in (|19jl . In these formulae V is the Levi-Civita connection for 
some choice of metric g from the conformal class. So /i, z/ and p depend 
on the metric. If we conformally rescale the metric g i— > g = e 2 g then 
it is easy to calculate (using e.g. the transformation formulae given in 
[TH] ) that the sections Jl and P for the metric g are given by /v> a = 
/Va+(^+l) Y a ocr a and v A = ^a+^T p cr pa , where T a = V a T. To compute 
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p a = -|;V a iP a - Pj(y, pk + ^V p V {p cr a}o we use the transformations 

V al P a = V a i(z/ a + A;TV pa ) = (V a i + (A;-l)T a i)(z/ a + A ; TV pa ) 
= V a iz/ a + (k — l)T a iz/ a + /c(V a iT p )cr pa + kT p V a icr pa 
+k{k-l)T a ,T p a pa 

P/a pa = P> pa -(V al T p )a pa + T al TV pa -iT p T p a a 

V p V {p a a}o = V p V {p( x a}o = V p V {p a a}o + nT p V {p a a}o . 

See (|T0|) for the first of these, (J3J for the second and (fT2j) for the last. 
Summing the right-hand sides with the required coefficients (from (jlfjjl ) 

we get, 

k — 1 11 
Pa = Pa ^T a iz/ a -T p V a ia pa -/cT a iTV pa +-T p T p (T a -r--T p V{ p o- a}() . 

Recall |T p V{ p a a } = T p V{ a i(T pa } using (fTTJ) therefore -T p V a ia pa + 
|T p V{ p cr a } = — T p (/i a i pa + S'airpt'a])- From this and the previous dis- 
play we obtain 



Pa = Pa + T p /i pa - T a iu a + ^T p T p cr a - £;T a iT p cr pa . 



Using this and the transformation properties from (fPfj) . a short com- 
putation shows that D(cr) is a section of ^oa* that does not depend 
on the choice of the metric from the conformal class. □ 

Remarks: 1. For k — 1, D is just the w = 1 and special case of the 
operator D^" 1 from section 5.1 of 0. 

2. Note that the operator D is not unique as an invariant differen- 
tial operator "putting" cr a g £ a k[k + 1] into the top slot of F A o A £ 
S A o A k (i.e. a differential splitting operator with left inverse F A o A i— * 
(A; + l)X j4 °^F 4 o A )- D can be obviously modified by any multiple of 

Assume k > 2. We define a 1st order differential operator 

: £A°A k > £cA°A k 

that will turn up in our later calculations. Given a section F A o A G 
£[A°A fc ] which, for a choice g G [g] of the metric in the conformal class, 
is convenient to take to be in the form 

(22) F A0A = Y A0A a a + _Lz$U*.o. + W A „ Al > a - X A o A p a , 
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wc set 



UFaoa) ■= - \%&lC a 0alc \ a + ^z§j^ A oA( C ^) 



( 23 ) + *a°X [A'^v* - \a\^o^ - \c ala2c \, 

Our aim is to construct a connection k V on ^oa* such that solutions 
cr a of (jCKEj) correspond to sections of £A°A k that are parallel according 
to fc V. Let us start with the normal tractor connection V. Using the 
previous proposition, it is a short and straightforward calculation to 
show that if <r a is a solution of (jCKE)) . k > 2 then VcB(a) A o A = 
$ c (©(cr) J 40 A ). Also, it is easy to verify (or see [T7]) that for k = 1, if 
a a i is a solution of (|CKE|) then V c ©(cr) j 40 J 4i = £l pc A°A iaP - This leads 
us to the following. 

3.5. Lemma, (i) Given a metric g from the conformal class, the map- 
ping 

a a I— > O(<t)a a, with inverse F A ° A > (k + l)X. AOj ^F A o A , 

gives a bijective mapping between sections of a a G £ A k[k + 1] satisfying 
iCKHty and sections F A o A G ^A°A fc satisfying, 

V c F A o A = $ c (F A o A ) fc > 2, 
V c -Fao A i = fipc^o^ia' 5 fc = 1. 

(ii) C/pon a change of the metric g 1— > g = e 2T g ; $ c transforms 
according to 

$ c (F A o A ) = $ c (F A o A ) - x AOA rp(co<x) pca 

w/jere T a = V a T and a a = (fc + 1)X A ° A F A0A . 

Proof. We have already observed that V c O(ct)ao a = $ c (D(o")a°a) f° r 
solutions a of ()CKE|) for k > 2, and the also the corresponding state- 
ment for k — 1. On the other hand, looking at the coefficients of Y on 
both sides of V c F A o A = Q c (F A o A ) we see this relation implies that the 
"top slot" a a := (Jfe + 1)X A °$F A0A of F is a solution of (pCEjl . Thus 
the claimed bijective correspondence follows. 

It remains to prove (ii). Let us consider a section F A o A of the form 
and a conformal rescaling g 7j as above. Collecting together the 
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conformal transformation formulae for all the relevant objects we have: 

/V> =A f a« + (k + l)T a oa a 
^a =^a + kT p a pk 

^A°A = ^A°A "I" {k + l)T a X^o^ 

(24) =W A0A1 1 - T al X A „l 

V a i(C#a) Cii =V a i(C#a) ca + (A: - 2)T a i(C#<r) c4 
+ </ cal T r (C> ( x) ra 

The first two transformations are immediate from ()14|1 since -F40A is 
(assumed to be) conformally invariant. The next two formulae are 
directly the properties of Z- and X-tractors from (j!4|) . The last but 
one is a simple calculation using the conformal transformation formulae 
from for example JH], and the last follows from Lemma ETD (i) and (|12p. 
Applying (|24j) to the formula (|22J) for $ c , we obtain 

k+1 T a° r V n 



®c(F A0A ) - ® c {F A o A ) = X A0A 



It is straightforward to verify that sum of the three terms involving 
C4cr is equal to 

(25) -^_T^ al[r (C4a) c]a . 

Summing the remaining terms on the right hand side yields 

k — 1 

{-T q C i c p cr pa H — T 9 C a2alc p cr p( ^) 



ga i c pa 1 2 tra-'-c "pqa.J 

1 t 
-T 9 (? p rr 4- -' 

ca 1 )? "pa 2 a^a 2 ? ^pca 2 " ^a L d- ! c "pga 



( 26 ) + T'C.X - .TC^ + -TC ln2 . • 



p|c]a 



Now summing the last two displays and comparing the result with the 
definition of C()a in Qlfij) . the Lemma (ii) follows. □ 

We have shown that, in contrast to Q pcA o A ia p , $ c for k > 2 is not 
conformally invariant. Also note that it is not algebraic but is rather 
a first order differential operator. We would like to replace $ c with an 
operator which, in a suitable sense, has the same essential properties 
(including linearity) and yet is conformally invariant and algebraic. We 
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deal with invariance first. For k > 2, we define the 1st order differential 
operator 

: £[A° A k ] y £ C [A°A k ] > 

for a given choice g G [p] of the metric and a section F^o A G £rA°A*i 
(taken to be of the form (f2~2"j) ). by 

(27) * c (Fao a ) := $ c (F A o A ) + -L-X A0A V p (C0cr) pcaL . 

Recall that (C0o")[ P q]a G £(2, fc)o[fc + 1] and is by construction confor- 
mally invariant. Hence we have the conformal transformation 

V p (C0o-) pca = V p (C<V) pca + (n - 2)T p (C0a) pca 

according to (|12|) . From this and the previous Lemma (ii) it follows 
that \l/ c is conformally invariant. 

Now recall we have proved in Lemma f3. 31 that C()cx = for o satis- 
fying (jCKE|) . Therefore $ c = \I/ C in this case and we have 

3.6. Lemma. Lemma f.V. 51 part (i) /ioWs i/we replace the operator $ c 
fry therein. □ 

Now we replace the operator \l/ c with an algebraic alternative in the 
following way. From ()27j) and the formulae f!23l) for $ c , it is clear 
that in the operator \l/ c , applied to -Fa a i n the form f!22L only the 
coefficient of X contains terms of the first order. Recall that we have 
the decomposition £ ca k[k + 1] = £[ ca fc] [k+l] ©£{ ca fc } [k + l](£)£ a k-i [k — l]. 

If °~a = (^ + l)^°a-^A0A * s a solution of ()CKE|) . the parts of V c cr a that 
lie in £r ca fci [k+l] and £ a k-i [k—l] may be replaced by, respectively, /i a o a G 
£a°a fc [^ + l] an d v& G £ a fc[/c — 1], according to Proposition ^. 21 Moreover, 
it is clear that in fact this replacement is conformally invariant for any 
F A o A . Thus if we remove, from the X-slot of the formulae for \l/ c , all 
the terms depending on V{ c cr a } , then the resulting operator \l/ c will be 
algebraic, conformally invariant and will satisfy Lemma 13.61 (or rather 
the alternative version of this with \I/ C replacing \I/ C ). We describe \l/ c 
explicitly in the following Proposition. 

3.7. Proposition. The mapping 

cr a i — ► ID ) (cr)A A) with inverse F A o A \— > (k + 1)X. a0j ^F a o a , 

gives a conformally invariant bijective mapping between sections ofo~ a G 
£ A k [k + 1] satisfying H(JKF^) and sections Fa»a G £A°A k satisfying, 

V c F A o A = V c (F A o A ) 1 < k < n - 1 . 

For choice g G [g] of a metric from the conformal class and a section 
Fa°a G £A°A k > expressed in the form Wty. the conformally invariant 
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algebraic operator \l/ c : S^o A k — > S CJ ^o A k is given by the formula 

*c(f> A ) = - VoiCW/,^ + ||i^W 4S41 *(C»a) c „ 
(28) 2(n-*) 



+ x a 



\4°A 

w/iere 

T(a) ca =- (V^/ 9 )^ + 2A p cal a p;i - A P al(i2 a pca - flr^iA/V^ 
G f (1, ife)[A: — 1]. 

Proof. The case fc = 1 is just reformulation of Lemma 13.51 Given 
Lemma for the cases k > 2 this boils down to simply checking the 
formula for This is a direct computation of the formula (|27|) for 
\l/ c and then in this formula, formally replacing each instance of V c cr a 
by /U ca + 9ca lh, a- We need to compute only the non-algebraic terms 
V a i(C#a) ca from fl23) and V q (C0cx) qca from The latter is the 

subject of Lemma f3. 81 below, while the the former is dealt with during 
the proof of that same Lemma, see 1)30)1 . Combining these results with 
and collecting terms yields the formula (|28j) . □ 

It remains then to calculate V q (C()a) qca as required in the proof of 
the Proposition above. For this we will need the following identities. 
They follow from the (second) Bianchi identity V[ a Rbc]de = after a 
short computation. 

V a iC ca 2 6 i 6 2 = -V c C a i a 2 b i 6 2 — g cb iA b 2 a i a 2 + 2g a i b iA b 2 ca 2 

V a lC a 2 a 3 6 l 6 2 = 2g a ! bl A b 2 a 2 a 3. 

3.8. Lemma. Assume 2 < k < n — 1. If the cr a G £ a fc[/c + 1] i/ien, 
up to the addition of (conformally invariant) terms involving the Weyl 
curvature contracted into V{ c cr a } , V q (C()o-) qca G 6(1, k) [k—l] is given 
by the formula 



2^cC a i a 2 P9 )o- pqa - (C cal pq a pqa +C a2al pq o- pqc - a -) 



n-2 
2(n - k) 

+ (n-k- l)(A\ la2 a pca + 2A\ x a pa ) + (n ~ * + 1} C^ c \ a 

+ {J ^9^C a 2/\ q - a - ~(k- l) 9cal A a ra pqa ] + (n-2)A al p a pa . 

Proof. Here we simply expand V q (C()a) qca via the Leibniz rule and in 
the process we will formally replace each V c cx a by /i ca + g ca \v a . We 
shall start with V a i(C#er) ca . Recall (C#cr) ca was given in (fTBj) as a 
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sum of two terms. Applying V i to these, we obtain 

^ a^cJ" 1(J pqa = 2^cC a ia2 ? " 7 ) Cr pga _ ^ '^a^cqa + ^^ca^a^qa 
+ C cJ" 1 {Ha} P qk + da^p^qa}) 
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\7 C pq rr 
V lO a 3 a 2 a pqca 



C a 3 a 2 Pq a 1 pqc a + 9a l h 



\p V qca] 



where we have also used ()29|) . Now summing of the right-hand sides of 
the last displays yields 

k-2 



(30) 



V a i(C#<r) 



k 



2^c^ a i a 2 P )cr pqk - A p ala2 a pcA + 2A mX a pa 



l^ca 1 /W^aV Vpqca) + £° a l a 2 c V pa ~ J.9 'ca l0 a 2 a 3 U pqa 



where we have used f C ca2(il 9 = |C a i a 2 c 9 - Note V a i(C4cx) C a G £(1, 
!]• 

Now we shall compute the formula for V q (C()a) qca . According to 
jTHj), (COcr) is defined as sum of three terms. Applying V 3 to the first 
of these, and using Q, we obtain 

Similarly for the second term, we obtain 

^ 9C< olo2[/0"|p| c ]a =2^ U ~ 3 )^ P aia 2<T pca + l^^a^^qpca + 9q[p^ca]) 



where we have used W ga 



n-k+l , 



v a . Summing the right hand sides 
of the last two displays with the third term ■^^V q g a i[ q (C^a) c j a yields 



(31) 



+ (n - 3) 
k 



+ 



h ~> ^ai^c *>a 



2A' 



2(n - fc) 



V a i(Cfa) 



2(n - fc) 



qa 



where we have used C'- 9 ?' = — \C \ V ■ In the last display, we need the 
term V p (C#cr) pa - Using the definition (fTHjl and applying the Leibniz 
rule for V p , we obtain 



pa 



k-2 

k 



> ~ 3)4/%* + C\r q 9 r ^ qa] 



(32) 



+ (y r C Pq a 3 a2 )c r pgr'a 

(k - 2)(n - 1) 



n — + 1 



°a 2 a 3 ^P<? a 



A: 



P9, 



P<ja 



Va 3 ^P<? a 
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using (JUIJ). We will also need the identity 
\<W**)°v* = +\{V e C" a ^)a pqa - \g ca ,A p ^ pqa + A al p a pa 

which uses (J2HJ). Now we are ready to simplify ffTTTf) using (jSHJ), (JS2J) 
and the last display. Collecting terms the result is 
n — 2 r 



4(n - fe) 

+ 2(n - * - 1)^^ + ^""""^ ^ P V 



pqca ) 



2(n-k + l) i 
T 



+ 



in 



+ 2 -^ Y ^9^C a2 J\ q - k - - 2(* - l) 9cal A/\ qSL 

P I lh. 0\ AP \ Q\(^ U\ A P 



- k)A alc p + (k- 2)A p cal + (n - 3)(n - 



(n — k) 1 

Now the final step is to simplify the last line using the relation A p = 
A p , x +A x P which follows directly from the definition A pa i c := 2V[ a iP c ] p . 
A short computation reveals that the last line is equal to 

(n - 2) A ! p + (n - 2)^— ^^A p x . 

v / a L c v n A; a 

The Lemma now follows from the last two displays. □ 

Summarising our results we have the following. 

3.9. Theorem. For 1 < k < n — 1, £/ie mapping S a k[k + 1] — > ^°A fe 
given by a ^ 3(a) defined by \21\) is a conformally invariant differen- 
tial operator. Upon restriction it gives a bijective mapping from solu- 
tions of the conformal Killing equation \(JKE\) onto sections of 8 A 0A. k 
that are parallel with respect to the connection fc V c := V c — ^ c where 
V c is the normal tractor connection and is given by \2ty) . The con- 
nection fc V c is a conformally invariant connection on the form-tractor 
bundle S A o A k. The inverting map from sections of ^A°A fc ; parallel for 
k V c , to solutions of UJKty is F A o A f-> (k + 1)X A °*F A0A . 

Sections ofS A o A k which are parallel for the normal tractor connection 
V c are mapped injectively to solutions of i(JKF^) by 

F A o A ^(k + l)X A °*F AOA , 

and annihilates the range of this map. 

Proof. Everything has been established in the previous Lemmas except 
for the last claim. That parallel sections are mapped injectively to 
conformal Killing forms is an immediate consequence of the formula 
fJ15|) for the normal tractor connection on form-tractors. (Note that 
the equation from the first slot of V c F A o A = is V c cr a fc — (k + l)/i ca fc + 
<7 ca i<£> a fc = 0. This is the same equation as from the first slot for a (fc+l)- 
form-tractor parallel for fc V c , as \l/ c does not affect this top slot - the 
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coefficient of Y.) Next it is an elementary exercise using the formula 
f|15|) to verify that if F^o A is parallel for the normal tractor connection, 
then necessarily F A o A = O(o-) where a a = (k + l)X A °*F A0A . On the 
other hand from the first part of the Theorem it follows that O(cr) is 
parallel for fc V. So ^/ c (cr) vanishes everywhere. □ 

Remark: Let us say (as suggested in [22]) that a conformal Killing 
form a is normal if it has the property that B>(a) is parallel for the 
normal tractor connection. It follows immediately from the Theorem 
that the operator \l/ c detects exactly the failure of conformal Killing 
forms to be normal; a conformal Killing form is normal if and only if 
\& c (cr) is zero. 

If a G S k [k + 1] vanishes on an open set then note that D(er) vanishes 
on the same open set since D factors through the universal jet operator 
j 2 . On the other hand if cr is a conformal Killing form then, from the 
Theorem 3(a) is parallel for the connection fc V. Thus we have the 
following. 

3.10. Corollary. On connected manifolds M a non-trivial conformal 
Killing form is non-vanishing on an open dense subspace. 

The corollary here does not use the conformal invariance of the con- 
nection and so this conclusion also follows from |26j . 

4. Coupled conformal Killing equations 

In this section we show that solutions o e S k [k + 1] of the original 
equation (jCKE|) are in bijective correspondence with solutions of the 
coupled conformal Killing equation V( a a 6 ) oB fc-i = on S aB k-i [2] for a 
certain conformally invariant connection V. Along the way we obtain 
some related preliminary results that should be of independent interest. 

First let us observe that for any form a £ £ k [k + 1], 1 < k < n — 1, 
we may form the tractor-valued forms 

(33) C" a fe - i B i = (X a fc and <Z a fc+iB ; = iklaMB'^a* 

where the invariant differential splitting operators M and M are defined 
by the formulae, for 1 < I < k, 

: S a k[k + 1] — ► S a k-i B i[k -l + l) 

M-qi o~ a k = (n — k + l)Z Bi o" a fc-! b ! — /X Bl £; V o~ a k-iY,i 
and, for 1 < / < n — k, 

M a k,i B i : S a k [k + 1] — > Sak+ifti [k + l + 1] 

M a MB*°a fc = (& + 1)2^ g b l a k, l (X a k - l^ B i^i9i,l a k,l V &+1 (7 a * . 
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Here we use multi-indices 

a k,i = [ a *+i . . . a k+i} 

a fc >< = [a k+2 ■ ■ ■ a k+l ] . 

The conformal invariance of M and M_ may be verified directly via the 
formulae (|14p. 

Although a a k-i B i and g_ a k+i B i, as defined in (jHSJ), are invariant for the 
stated ranges of I, in the sequel we shall only need the tensor valence of 
a and a to be in the interval [1, n — 1]. Therefore we shall henceforth 
assume that for a a k-i B i we have 1 < I < k — 1 and for g^k+^i we have 
1 < Z < n — k — 1, respectively. 

Let us next describe V{ c <7 a fc-!} oB i and V{ c o a fe+;} oB i when a is a solu- 
tion of (jCKE|) . (Recall that V denotes the coupled Levi-Civita-normal 
tractor connection.) This is explicitly formulated in the proposition be- 
low. First we need the following lemma. 

4.1. Lemma. Let us suppose that a is a solution of Then 
(a) 

{ca fe - ! } 



h — 1 

._ _n v i n . _ p v n 



(b) 

V c V Q fc+ia a fe { = } ° (k + 1) [C ca ft+i a i p a pa k - P ca k+ia a k] . 

In reading (b) here recall the convention that sequentially labelled in- 
dices (at a given level) are assumed to be skewed over. 

Proof. First let us note that the trace part in the first case, and skew- 
symmetrisation [ca fc+1 ] in the second case, is zero on both sides. In the 
subsequent discussion we use Proposition 1.121 and the notation therein. 
The left-hand side of (a) is equal to n ~l +1 V c v a k-iy up to the sign 

( — l) k ~ l . Now the Lemma (a) follows using C ^ ^ = ~C ? q and the 

V / \ / oca 1 2 ca 1 

equation for V c z/ afc - ;i3 i in (JTHJ) where {C+o-) cak -iy is given by Lemma 
13.11 (i). Note that the projection {..} over indices in the latter lemma 
exactly removes the completely skew-symmetric part of C ca2 pq a pqa (see 
fTTj) ). Since the projection {c& h ~ l }o annihilates the completely skew- 
symmetric part C [ca 2 M <7 |M|fi] we have (C+a) cak -iy = {ca k-i }o C cal pq a pqk k-^. 
The part (b) follows similarly from the expression for V 

GEJ. □ 

4.2. Proposition. The form a e S k [k + 1], 1 < k < n — 1 is a solution 
of /\CKE\) if and only if either of the following conditions is satisfied: 

„ _ { C a^'}o l(k-l)(n-k+l) ^ y p q 
V c cr a k-i B i - — — A B i B i° c [ a ^ a \p\ a k -'\q\b'] 

V c £ a fc+i B i { = } —l(k+ l)^ S i|jC c [ fc+i a i P(T \p\a k 9 a k,i]y- 
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Proof. The expressions on the left-hand-side can be computed by di- 
rectly differentiating the expressions (JHHj) defining a and a and expand- 
ing in terms of the X, Y, W, Z splitting operators introduced in 12.31 
The resulting "Y-slot" (i.e. the coefficient of Y) on the left-hand-side 
is zero order, as an operator on a, and is killed by the symmetrisation 
{c& k ~ 1 } in the case of V c <7 a fc-! B i an d by taking the trace-free part in 
the case of V c a a fc+i B ;. Essentially the same argument shows (in both 
cases) that also the operator in the W slot vanishes. The Z slot is of 
the first order as an operator on a. To show this vanishes requires some 
computation. We will need the relation 

( 34 ) kg c[a i V p o-|p|a*-i b <] = {k- l)g ca iV p a lplk k-i h i + lg cb iV p a ak -i p y. 

(Recall our convention that all sequentially labelled indices are implic- 
itly skewed over. So the 6-indices are skewed and also the a-indices are 
skewed.) To prove this first observe the projection to the completely 
skew part of the right-hand-side obviously yields exactly the left-hand- 
side. On the other hand the right-hand-side is manifestly skew over 
the 6-indices and also over the a-indices. A trivial calculation verifies 
that that it is also skew-symmetric in the index pair a 1 6 1 and so the 
result follows. 

Using (Tl8|) for V c cx a , it is straightforward to compute the Z slot of 

(n — k+ l)V[ c a afc - ib i] + kg c[a iW p a\ p \ k k- lhl] - Ig c6 iVV afe _ ipf)1 . 

The first term is killed by the projection P{ ca fc-i} and the remaining 
part is in the trace part over {ca fc_z } (i.e. in particular is annihilated 
by Pjca^io ) due to (J33|) . The Z slot of V c g_ a k+i B i is 

k(k + l) 

g b i a fc,;V[ c cr a fc] - lg cb igy k k,iV a k+ia a k + - — - — - g ca i g h i a k,i W pa k 

(also using ([18))) . The last term is killed by taking the trace-free part 
and it is easy to show the sum of the first two terms is g^i^k^V c a a k (up 
to a scalar multiple) which vanishes after the symmetrisation {caL k+l }. 

At this point it is worthwhile noting that if the projection P{ ca fc-;} 
kills V c cf a fc-i B ! or the projection P{ ca fc+i} kills VcO^k+^i then a is a 
solution of ()CKE|) ; the vanishing of the Z-slots implies V c <7 a = yU ca + 
<7 ca iZ/ a in (|TH|) since "P{ ca fc} °Vs ca h-i\ is a non-zero multiple of V{ ca ky Q . 

It remains to evaluate the X-slots. This can be done easily using the 
rules for V C W and V C X fromO We get 

-ZX fll g [(n-k + l)P c p <r ak - W + VcV p a afc _ ipb( ] 

(k + ^)P c [a k + 1 ^ a k 9i l k,i]\ 3 i + V c V[ a fc+icr a fc5f afc , i]bi 



for V c cr a fc-i B i and V c <La k +i&h respectively. Now the proposition follows 
using Lemma f4.lt □ 
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For our next construction we will especially need the first case of the 
proposition above for I = k — 1, that is for <r a ig fc . We will construct 
a connection V on £ a i B fc such that the equation V, c (7 a :n oB fc = is 
equivalent to the equation (jCKE|) . Reformulating the Proposition for 
a a ig fc , we get that a is a solution of (jCKE|) if and only if 

/«x v - (fc-l)(fc-2)(n-fc + l) fi» p 

This shows that V( c (x a i) oB fc = is equivalent to (jCKEJ) in the flat case. 
In the curved case we modify the connection V in the following way. 
Let us consider the tensor-tractor field 



^cEOE^F^F 1 '■ — '^E E 1 ^'ce 1 F F 1 

= ~K E a E i1* F o F iC ce ifQfi — 2\ E o E i^ F o F iAfi ce i , 

where Q ce i E o E i is the curvature of the normal tractor connection. By 
construction this is conformally invariant. We will show that the re- 
quired connection V can be written in the form 

V c = V c + xk c U, xeR 

where (via the tractor metric) we view n^o^^Fi as a 1-form taking 
values in End(£ A )®End(£ A ) and (j indicates the usual action of tractor- 
bundle endomorphisms (i.e. it is the tractor bundle analogue of the 
End(TM) action defined in section El and we use the same notation as 
for that case). To determine the parameter i6l, let us compute the 
double action: 



[n-k + <7 al6k fc 



1 



= ~(* ~ - 2)(n - k + l)X B2 £c/ 63 V al?p ... 

The form of the right-hand-side shows that V is the required connection 
for a suitable parameter x G R, and comparing with (}35|) yields the 
explicit value for x. The resulting connection is 

(36) V c = V c + -^-tkM, 

n — k 

where on the right-hand side V is the usual tractor connection. Note 
that this connection is obviously conformally invariant (since both k 
and the the tractor connection are conformally invariant). This might 
seem inevitable, since from its derivation (or otherwise) it is clear that 
the equation is conformally invariant. However is an invariant 
connection which may turn out to have applications in other circum- 
stances. 

Let us summarise the last result. 
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4.3. Proposition. A weighted k-form o G S k [k + 1] is a conformal 
Killing k-form (i.e. solution of KCKEty ) if and only if 

(37) V (o <f 6)o = 

where V is the Levi-Civita connection coupled with \Hb}) and a is the 
conformally invariant tractor extension of a given by jf.V.Vj) with I = 
fe-1. 

Although we shall not directly need it below it is interesting to ob- 
serve at this point that the last result generalises. First observe that 
as well as the action k c % used in (jSEJ), we can consider also the action 
a; c jjj} where we view the tensor-tractor field 

as a one form taking values in End(£ A ) ® End(£ a ) and (j indicates the 
usual action of tensor /tractor-bundle endomorphisms. Now for any 
real parameter x we obtain a connection on tensor tractor fields via 
the formula, 

(38) V: = Vc + xMfl + KcM). 

where V indicates the usual coupled tractor-Levi Civita connection. 

4.4. Theorem. A weighted k-form a £ £ k [k + l] is a conformal Killing 
k-form (i.e. solution of \CKE]) ) if and only if either of the following 
conditions holds: 

V{c^a*-'}„B« =0 or V y {c a ak+l}oBl = 

where x = and y = \, and a, a are the conformally invariant 
tractor extensions of a given by \33\) . 

Proof. First let us compute the actions to c % and /c c j}j} on a and a. The 
result is 

u c Wv a k-iBi = ~\l{k -l)(n-k+ l)X B i&C c p al 9 a^ k - lq y 



2 

«; c tlfe- !Bi = --/(/ - l)(n — k + l)X B1 £'C c p b 2 q o- ak -i qp v 
1 



+ kC ca k+i a i P 9 a k,iyO- pk k 

Now the value y = r follows immediately from Proposition 14.21 In the 
case of W, we can reformulate Proposition 14.21 in the following way: a 
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is a solution of (|CKE|) if and only if 



- {™ k - l h l{n-k + l) 
n — k 



(k - l)C 



c a 1 ^pa k l qh l 



+ 1)C 




cr a k-i 



qph 1 ' 



cf. (J23J). Thus the value x = -qr follows. 



□ 



4.5. Remark. Note that the connections (JHHj) preserve the SO(p, q) sym- 
metry type (over tensor indices) and SO(p + 1, q + 1) symmetry type 
of the any tensor-tractor field they act on. The coupled tractor-Levi 
Civita connection V has this property. Then the u c §§ action preserves 
these symmetries since uo c is a 1-form taking values in the tensor prod- 
uct of orthogonal tractor endomorphisms tensor with orthogonal tensor 
endomorphisms. Similarly l-form taking values in the tensor 

square of orthogonal tractor endomorphisms. 

Note also that the action C a fcjj of the Weyl tensor on tensors may in 
a natural way be viewed as a conformal action of the tractor curvature 
fl a b§ on tensors. (For example contract each tensor index "c" into a 
Z c c and then apply the usual action of flo&fl on these tractor indices. 
Finally remove each the new tractor index by contracting with Z c e . 
The result is conformally invariant since fl a b C dX d = 0.) If we extend 
the action f2 &Jj to tensors in this way, then the connections V x and V v 
become simply = V c + xk c % and V y c = V c + yn c U with x and y as 
above. 

5. Applications: Helicity raising and lowering and 
almost Einstein manifolds 

In the first part here we will assume the structure is almost Einstein 
in the sense of [TH] • This is a manifold with a conformal structure and a 
section a G £[\] satisfying [V( a Vb) + P( a b) ] a = 0. Equivalently there 
is a standard tractor that is parallel with respect to the normal 
tractor connection V. It follows that I a '■= h^A® — + Zj^7 a a — 
-X^(A + P)a, for some section a G S[l], and so X a Ia = a is non- 
vanishing on an open dense subset of M and on this subset g = a~ 2 g 
is an Einstein metric (where, recall g is the conformal metric). In 
particular any conformally Einstein manifold is almost Einstein but in 
general the converse is not true. 

In this setting we immediately have the Theorem which follows. Re- 
call that in a particular choice of metric a fc-form a is a Killing form 
if it is a solution of (0) with r identically 0. Let us term a fc-form a a 
dual-Killing form if it is a solution of (JTJ) where instead p is identically 
(since on oriented manifolds the Hodge dual of a Killing form is a 
dual-Killing form and vice versa). 
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5.1. Theorem. Let us consider a k-form a a k G 8 k [k + 1]. Then, for 
k G {1, • • • ,n}, 

lf a k-i : = aV p cr a fc-ip - (n - k + l)(V p a)a a k~i p G 8 k ~ l [k] 

is conformally invariant. For fc 6 {0, ■ ■ ■ ,n — 1}, 

— a fc + 1 ' = a k + l0 ~& k — (k + l)(V a fc+ia;)cr a fc G 8 k+1 [k + 2] 

zs conformally invariant. If a is a solution of \CKE\) then we have the 
following equivalences: 



V {c^+i }i 

for 2 < k < n — 1 and 1 < k < n — 2, respectively. In the case that the 
first curvature condition is satisfied then the corresponding conformal 
Killing form a a k-\ is a Killing form away from the zero set of a, and 
in the Einstein scale g = a~ 2 g. In the case that the second curvature 
condition is satisfied then the corresponding conformal Killing form 
a Jt _ 1 is a dual-Killing form away from the zero set of a, and in the 
Einstein scale g = a~ 2 g. 

Proof. The first part of the proposition follows from relations a a k-i = 
I B a a k-i B and (L ak+1 = ^(La^B where the forms ~cr a k-\ B and <J a k+i B are 
defined by (JHHj) in Section HJ The result follows from Proposition 
14.21 and continuity, since the tractor I B is parallel and I B X B is non- 
vanishing on an open dense set in the manifold. For the final points 
note that, from the formulae for W a k-i and g_ k+1 given in the first part 
of the theorem, it is clear that these are, respectively, coclosed and 
closed in the Einstein scale g = a~ l g given off the zero set of a. □ 

Remarks: 1. Note that the first curvature condition on the right- 
hand side of is that (C^a) = 0. That is that the projection 
of C%a to 8(1, k — l)[k — 1] should vanish everywhere. Similarly the 
second is simply that the (unique up to a multiple) projection of Cjjcr to 
8(1, k + l)o[k + 1] should vanish everywhere. Note that in the case that 
the manifold is oriented then the second curvature condition is exactly 
that the Hodge dual of a satisfies the first condition (as applied to 
(n — fc)-form solutions of ((CKEp ). 

2. Note that on an almost Einstein manifold with a conformal Killing 
fc-form such that (C^er) = then, according to the Theorem, on the 
open dense set where a is non-vanishing there is a scale so that a is 
a Killing form. But the section a does not necessarily give a global 
metric whereas the form a is a globally defined conformal Killing form. 
A similar comment applies to a. 



^==^ C i w crAfc-i„„ ^ = 

ca 1 a PQ 



,k+i a l ^a K p 



p {ca*+i} 
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5.2. Corollary. If u a b is a conformal Killing 2-form then 

W a = aV p a ap - (n - l)(V p a)a ap 

is a conformal Killing vector field (i.e. solution of \(JKE\) with k = 1). 
If a' an - 2 is a conformal Killing (n — 2) -form then 

£'„_i '■ — aV a n-i<j^„-2 — (n — l)(V a n-ia)cr^„-2 e£ n ~ l [n] 

is a conformal Killing (n — l)-form. Away from the zero set of a, a a 
is a Killing vector for the Einstein metric g = a~ 2 g, while in this scale 
a' n _j is a dual-Killing form. 

Proof. This is just the Theorem above for k = 2. The condition 
C( a b) P9 o~pq is trivially satisfied, and, hence, so too is the dual condi- 
tion (cf. point 1. of the Remark above). □ 

Note that a weaker form of the first part of the Corollary has been 
proved (by a direct computation) in |2S1 7.2]. 

Remark: Note that according to the Corollary, on Einstein 4- manifolds 
a non-parallel conformal Killing 2-form implies the existence of either 
a non-trivial Killing vector field or a non-trivial dual-Killing 3-form. 
Thus if the 4-manifold is also oriented then, in any case, a non-parallel 
conformal Killing 2-form determines a non-trivial Killing vector field. 

The first part of the theorem is valid also for k = 1 in the sense, 
that if a a satisfies (|CKE|) then a := aV p a p — n(V p a)a p is (conformally 
invariant and) another almost Einstein scale. This is easily seen as 
follows. Let us write gcd '■= ^>cD a ai where D was defined for Lemma 
HI Then 

(40) V a acD = £l p aCD a p . 

by Lemma fa. 51 Note that I D acD is parallel with respect to the normal 
tractor connection V since 

V a I D W CD a a = (V a a CD )I D = a p n paCD I D = 0. 

Then the result follows from Theorem 3.1 of since a = X c I D o~cd- 
Some related results follow. Following ^1 we term a metric (or 
conformal structure) weakly generic if the Weyl curvature is injective 
as bundle map TM -> <g> 3 TM. 

5.3. Proposition, (i) If o~ a is a non-homothetic conformal Killing vec- 
tor field (i.e. a k = 1 solution of \(JKE\) with non-constant V a o~ a ) on 
an Einstein manifold then there exists a non-trivial conformal gradient 
field. That is a non-trivial solution a a of $(JKEp which is exact for the 
Einstein scale. 

(ii) If a weakly generic conformally Einstein manifold M admits a con- 
formal Killing vector field a a , then o~ a is a homothety for any Einstein 
metric in the conformal class. 
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Proof. Let us write I D :— Id an d 1% ■= acpl p , where o~cp = ^ > cp a a- 
These parallel tractors determine a parallel tractor 2-form tractor ij^if,] • 

Let us write a a := ^X c ® Iijlpy (Note that from the last part of Theo- 
rem h follows immediately that a a is a conformal Killing field hence 
«Wp = by (HOD. Thus C afc /a p = 0.) 

Since and are parallel and the top slot of Iq is a = X c I d ocd 
it follows (Theorem 3.1 of [19] ) that Iq = -Dev. To compute a a let 
us write explicitly 

Y D a + Z d D V d a - -X D (A + J)a 
n 

Yet + Z C C V^ - -X C (A + J)W. 
n 

Here we have used the formula (jHJ) for the tractor D operator. Now 
it follows easily that a a is (V a a)a — a(V Jf) up to a (nonzero) scalar 
multiple. (From this formula, it is also easy to verify by a direct com- 
putation that a a satisfies (jCKE)) .) In the Einstein scale a we have 
Va = 0, whence a a = — V a (ao 7 ) = — V a (a 2 V p cr p ). 

(ii) This is an immediate consequence of part (i) since a conformal 
it is well known (and an easy exercise to verify) that any conformal 
gradient field a a necessarily satisfies C a b c p (r p = 0. □ 

One can easily access further results along these lines, but mani- 
folds admitting a conformal gradient field are rather well understood 
and there are many classification results due to, for example, H.W. 
Brinkman, J. P. Bourguignon, D.V. Alekseevskii and others. For some 
recent progress and indication of the state of art see [21j . 

Theorem 15. II exploited the standard tractor I a which (corresponds to 
an almost Einstein scale a and) is parallel with respect to the normal 
tractor connection V. Here we drop the assumption that the manifold is 
almost Einstein and assume instead that the manifold is equipped with 
a conformal Killing field o a . Then we use the tractor gab '■= ^ab (J p 
(given by ([21)1) provided by the conformal Killing form a a . This is not, 
in general, parallel with respect to the normal tractor connection V. 
Rather, we obtained (pfU|) in Lemma [3.51 

5.4. Theorem. For each pair a G ^[2] and t G S k [k + 1] 

T a k-2 : = 2o- p V q T a k- 2pq + (n-k + i)(W 9 )r afc -2 p(? k G {2, • • • , n} 

is a conformally invariant section of £ k ~ 2 [k — 1], and 

: = 2(T a fe+iV a fc+2T a fc + (k + l)(V a fc+icr a fc+2)r a fc, k G {0, • ■ ■ , n — 2} 

is a conformally invariant section ofS h+2 [k+3\. If a and r are solutions 
of \CKE\) then the following is satisfied: for 3 < k < n — 1 r a fc-2, is a 
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solution of ICKEty if and only if 

(n — k + l)C rpq r a k-2 pq a r + (k - 2)C ca pq r pa k-2 qr a r {ca = 2}o 
and, for 1 < k < n — 3 ; f_ a k+2, is a solution of \CKEJ\) if and only if 

O/^f P r~iV {ca^+ 2 }o 

ca fe+1 a 1 T pa k0 ~a k + 2 ~ ^ ca fc+l a fc+2 7 a fcCr p — U - 

Proof. The first part of the proposition follows from relations f a k-2 = 
T a k-2 RS a RS and r afc+2 = T ak +2 RS a RS . The second part is a result of 
a direct computation. Using Proposition 14.21 and (f4"Uj) we obtain the 
following: 

V c r a k-2 RS a = (V c r a k-2 RS )a + r a k-2 RS V c a 

{ca^ 2 } 2(n - k + 1) s r, . p o ] rs 

— 7 -^RS [\ K ~ ^J^c a 1 T pa k - 2 qs _L, cs 'pa fc - 2 qa 1 \ u 

Tli K 

+ T ak -2 RS Q p c RS a p 
{ca fc - 2 } n — k + 1 



n — k 



[(n-k+l)C s c pq r ak -2 pq a s + (k-2)C ca pq a pa k-2 qs a s ] , 



V c r afc+2/?5 .a = {Vcl 4l k+2 RS )o- +T^ k +2 RS V c a 

{Ca = >0 ~ 2 ( k + l )^RS C ca^J T P* k 9ak+ 2 s° RS +l*k+2 RS VL P c RS (T p 



{ca*+ 2 } 



-(k + 1) [2C mfc+lQl v r pa kO a k+2 - C p cak+lak+2 T a ka p ] . 

□ 



Note for the cases of a conformal Killing 3-form r the first curvature 
condition of the Theorem is satisfied by any conformal gradient vector 
field a. 

Now it is obvious how to obtain more general results for couples of 
conformal Killing forms er 6 £ l [l + 1] and r G £ k [k + 1] where 1 < k, I < 
n — 1. We set a A i+i := Da and define T a k-i-i := T a k-i-i A i+ia A and 
r a fc +i+ i := r a fc +i+ i A;+ icr A +1 for < k — I — 1 < n and 0<£; + / + l<n, 
respectively. The case I = 1 is described in the previous Theorem and 
in general, the obstructions for f a fc-i-i and f ak +i+i to be solutions of 
(jCKE)) are very similar to the cases 1 = 1. (In the proof of these new 
cases, we replace V c cr RS by V c a A +1 . The latter is, in general quite 
complicated but we actually need only 'Z-slot' and 'Y-slot' which are 
similar to the case 1 = 1.) 

5.5. Corollary. Let o a e S a [2] be a solution of i(JKE^) and write fib c '■= 
V[6<r c ] (in a choice of scale). Then the section 

n — 2 

O-a^a^a 2 " ' ' Va 2 v~^a 2 v € S 2p+1 [2p + 2], p < L - g - J 

is conformally invariant. If c a oC a i a 2 c d o~ d = then it is a solution of 
mm for any 1 <y< [^\. 
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Proof. For p = 1, this is Theorem 15.41 applied to r := a g ^ 1 [2]. If the 
curvature condition is satisfied then it is easily checked that applying 
the same Theorem to a a and r := cx a o/i a i a 2, we obtain the case p = 2. 
Repeating this procedure, the general case follows. □ 



Let us note there are several results in [26] related to those in this 
section, see Propositions 3.4 and 3.5 in j2Hj. These concern a special 
case satisfying that V c /z a o a i is pure trace (which implies that a a is an 
eigensection for the Schouten tensor viewed as a section of End(TM)). 
This immediately yields o~ cfi C ala2c p a p = using (JTEJ). 

Our last application concerns conformal Killing m-tensors. These are 
valence m symmetric trace-free tensors tj,... c g £(&... c ) [2m] which are so- 
lutions of the conformally invariant equation V( a £&-c) = 0. Obviously, 
any conformal Killing form a a G S a [2] yields a conformal Killing tensor 
°"(o " ' ' a b) ■ Note that generalising the m = 2 version of this obser- 
vation we have the following. If <r a G £ a k [k + 1] is conformal Killing 
form then C( o c c 6 ) 6 g £( ob ) [4], is a conformal Killing 2-tensor. (The 
special case of this where a is a conformal Killing 2-form appeared in 
|3U| 4.1(4)].) This follows from (fTSj) by a direct computation or from 
the relation cr, e cx M ■ = -, — }, .^ ^ff,, ^ (which holds since Xa and 

(a b)oe (n— K+iy (a b) E v ■"■a 

are orthogonal), and Propositions 14.21 and 14.31 The point here is that 
one applies the normal tractor V c connection to o r ( a E ^ fe ) E t° obtain 
2cf( a E V fc ffvj, after the projection to £(o& c ) [4]. Then from Proposition 
14.21 and again the orthogonality of Xa and we may replace V by V 
to obtain 2o r ( - a E V fe & c \ -fe- But then by Proposition 14.31 the last expres- 
sion vanishes. It is clear this example generalises and so we have the 
following Theorem. 

5.6. Theorem. Suppose a 1 , ■ ■ ■ , o m is a collection of conformal Killing 
forms of respective ranks r±, ■ ■ ■ ,r m where {Yl™ r i) — rn is an even 



number. Then 



~1 ^ 2 ~ m 



is a conformal Killing m-tensor, where a\ ■ o\ a™ indicates any 

contraction of the collection a 1 , ■ ■ ■ , a m over the suppressed indices. 

Of course it will often be the case that a given contraction cr^-of o™ 



vanishes upon projection to the trace-free part. However it is easy to 
proliferate non-trivial examples. 
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